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Abstract— High-end laser range-finders provide accurate 3D
data over long ranges. But their scans are inhomogeneous, i.e.,
the environment is non-uniformly sampled, as there is denser
data in the near range than in the far range. Furthermore, the
generation of a scan is time-consuming. Thus, it is desirable
to cover an area by as few scans as possible, i.e., scanning is
more time-efficient if the overlap between scans is as small as
possible. However, these factors pose significant challenges for
state-of-the-art registration algorithms. In this work, we present
a divide-and-conquer method that uses an efficient strategy
to check for possible registrations between partitions of two
scans. As underlying registration method, Fourier-Mellin-SOFT
(FMS) is used. FMS is quite robust against partial overlaps
but its performance is significantly boosted by the presented
partitioning method. As concrete use case, results from the
digitization of a WWII submarine bunker as a large-scale
cultural heritage site are presented.

I. Introduction
High-end 3D laser range-finders (LRF) from companies
like FARO, Riegl, or Zoller and Fröhlich (Z+F), and actuated
2D LRF [1] provide 3D scans with quite accurate data over
extended ranges, which can be used in a variety of robotics
applications - see, e.g., [2], [3], [4], [5], [6], [7], [8], [9], [10],
[11], [12], respectively [13] for a (non-exhaustive) review.
While it is an advantage to cover long ranges, it also
creates challenges for registration algorithms, which are
discussed in more detail in Sec.II-A. Especially, long-range
scans are inhomogeneous, i.e., the environment is nonuniformly sampled. There is denser data in the near range
than in the far range. In addition, 3D-LRF need some time
to generate a scan, i.e., it is of interest to cover an area by
as few scans as possible. Therefore, scanning is more timeefficient if the overlap between scans is as small as possible.
The basis for the 3D registration approach presented
here is Fourier Mellin SOFT (FMS), which is a recently
introduced method for robust registration of 3D data [14].
FMS determines the 7-dof transformation between two scans,
i.e., the 6-dof rigid motion parameters plus 1-dof scale. It is
the first 3D extension of the Fourier-Mellin Invariant (FMI)
registration for 2D data, for which especially the non-trivial
aspect of tackling rotations in SO(3) needed to be solved.
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Fig. 1: Aerial views of Bunker Valentin (top) and generated
3D Map with Structure from Motion (SfM) on aerial images.
The bunker has quite a large footprint of 35,375 m2 .

Such as in 2D FMI case, 3D FMS is based on decoupling
rotation and scale from translation. First, rotation – which,
as mentioned, is the main challenge for the extension to 3D
data – is tackled with a SO(3) Fourier Transform (SOFT)
based on Spherical Harmonics. In a second step, scale is
determined via a 3D Mellin transform. Finally, translation is
calculated by Phase-Matching.
FMS has among others a higher robustness against partial
overlap than other state-of-the-art methods [14]. Nevertheless, even FMS has its limits in this respect. As any other
registration method, FMS can also be vulnerable to inhomogeneous scans because it is hard, respectively impossible, to
match structures that are present in one scan but not in the
other due to non-uniform sampling.
The work presented here deals with these problems by
using a divide and conquer method where two input scans, A
and B, are partitioned into two sets of n sub-scans, A.i and B.i
∀i ∈ {1, ..., n}, for which mutual registrations with FMS are
tested. A crucial point is of course to avoid a combinatorial
explosion. Hence, an efficient interest operator based on the
point density of the sub-scans is used, which leads to crossregistrations of only the most promising pairs. Furthermore,
it is important to note that successful FMS registrations can
be automatically detected using a signal to noise ratio in the
underlying phase-matching without the need of a fine-tuned

threshold for this metric, often necessary in other methods
based on the Iterative Closest Point (ICP) method [15], [16].
The proposed method is applied to 3D map the WWII
submarine bunker “Valentin” (Fig. 1) as part of a project on
the digitization of cultural heritage∗ . More information about
this specific use case is provided in Sec. II-B.
II. Related Work
A. 3D Registration
3D registration methods are an essential part of many basic
robotics tasks including object recognition and mapping, and
they are accordingly well studied. A well-known example is
the Iterative Closest Point (ICP) algorithm [15], [16] and
its variants [17], [18], [19], [20]. Another popular option
is the use of corresponding features, i.e., local geometric
information captured by 3D shape features (e.g., [21], [22],
[23], [24], [25], [26], [27], [28], [29], [30], [31], [32],
respectively see [33], [34] for overviews and comparisons)
or visual features (e.g., [35], [36], [37], [38], [39], [40], [41],
[42]) based on 2D texture information. Given correspondences between the features, Horn’s method [43] typically in
combination with RANSAC [44], can be used to determine
in closed form the underlying 6-DoF spatial transformation
including scale as optional 7th parameter.
A further possibility is to detect and relate large dominant
structures such as planes in the 3D data. In addition to a
heuristic correspondence search [45], [46], it is possible to
exploit spatial constraints to derive a very efficient search
over all possible correspondences [47], which can be used
for mapping [7] including even natural environments where
planes can be a reasonable approximation [48], [49].
Last but not least, there are methods that employ the full
spectrum of spatial structure at all frequencies in the 3D data,
using from small local to large dominant 3D structures. For
example, in [50], [51], [52], an equivalent axis representation
for 3D rotation is used to find the main rotation axis of 3D
data pairs. Though conceptually interesting, this approach
tends to fail when there is not a significant overlap between
the two input datasets [53]. In [54], Extended Gaussian
Images are used to build histograms which are uniformly
spaced on the sphere. Afterwards, a correlation on the
sphere leads to the determination of the 3D rotation. An
efficient and robust alternative is Spectral Registration with
Multilayer Resampling (SRMR) [53], which is based on a
multidimensional Fourier transform with a decoupling of
translation from a stepwise rotational registration. SRMR
uses a multi-layer processing strategy that makes it very
robust against partial overlaps, but the resampling heuristic
in the rotation registration step limits the maximum amount
of concurrent changes in yaw, roll, and pitch.
As mentioned, the core basis for the 3D registration
proposed in this work is Fourier Mellin SOFT (FMS) [14],
which combines Phase-Matching, a 3D Mellin transform, and
a SO(3) Fourier Transform (SOFT) based on Spherical Harmonics to determine the 7-dof transformation between two
scans, i.e., the 6-dof rigid motion parameters and (optionally)
1-dof scale, see Sec. III-A for a short overview of FMS.

B. Digitization of Cultural Heritage as Use Case
Robotics can be a useful tool for the digitization of cultural
heritage [55], [56], [57], [58], [59], [60], [61]. Especially,
the use of high-end 3D LRF can be very beneficial for
mapping large buildings or sites. This holds also true for the
use case of our presented method. It deals with the indoor
mapping of the submarine bunker “Valentin” in Bremen
Farge (Fig.1) as part of the project “Valentin-3D” financed
by the German Federal Ministry of Education and Research
(BMBF). Air, land, and underwater robots were used for
3D-mapping the complete structure, including areas that are
very dangerous or even inaccessible to humans. Digitization
and visualization of these areas are crucial tasks due to the
historical importance of the site, which we briefly introduce.
The Bunker is a remnant of World War II. After serious
losses of submarines on the German side, the National
Socialist government, especially the Minister of Armaments
and Ammunition, Albert Speer, and commander-in-chief of
the Navy, Karl Dönitz, decided to concentrate armaments
production on submarines. A new type of submarine had
been developed, “Typ XXI”, that would be faster and could
submerse longer than its predecessors. Because of an increasing number of air raids especially on sites of armaments
production, it was decided to build a bunker in the far
north of Bremen. The town already had a sufficient structure
of shipyards along its river, the Weser, so that the new
production site would be adequately supplied.
Construction of the Bunker “Valentin” began in summer 1943 and progressed quickly. This was firstly due to
prioritization of building material before other construction
projects, e.g., air raid shelter for the population of Bremen.
Secondly, the bunker was built by a vast number of forced
laborers. Around 10,000 worked per day on the construction
site, originating from all European countries. At least 5
labor camps were built around the construction site, among
them a satellite of the concentration camp Neuengamme in
Hamburg. Thousands of workers died from 1943 to 1945 due
to devastating working and living conditions [62].
The bunker is now a memorial. The data generated in the
Valentin-3D project is provided to the general public, e.g., to
produce educational material and, in particular, to researchers
in the humanities and cultural studies. For the flooded parts
of the bunker, underwater robots such as Remotely Operated
Vehicles (ROV) are used. To map the outside, image data
from Micro Aerial Vehicles (MAVs) is used to generate 3D
maps based on structure from motion (SfM) methods (Fig.1).
For the inside, light conditions, absence of GPS, etc. make
the use of MAVs challenging. Therefore, the use of a 3DLRF, concretely a FARO Focus3D, is the canonical choice
and the source of data to test the approach here presented.
III. Methodology
A. Fourier-Mellin-SOFT (FMS) Registration
As mentioned, Fourier-Mellin-SOFT (FMS) is a quite
novel 3D registration method [14]. A short summary is given
here. Resampling (Eq.2) decouples transformation parameters (rotation/scale) from translation. The 3D spectrums of a

voxel range (Eq.1) between two scans contain all degrees of
freedom, i.e., the translational shift ts = [x s y s z s ]T , rotation
g(α, β, γ) ∈ S O(3) and scale σ. Phase information is a
conglomerate of all seven involved parameters. By taking
the magnitude of this spectrum (Eq.1), rotation g(α, β, γ)
and scale σ remain in the structural information for the
first registration step. S (k) and R(k) are corresponding 3D
transformations of discrete 3D data and the corresponding
frequency coordinates are k = [u v w]T .
Compared to the circular structures in 2D [63], the rotational match S O(3) for 3D is much more complex. This
problem is solved in FMS by a discrete, efficient algorithm called S O(3) Fourier Transform (SOFT) [64], [65].
Given two functions on a sphere f1 (ω) = f2 (g(α, β, γ) ω)
that are related by a 3D rotation. ω ∈ 2 is defined as
ω(θ, φ) = (cos(φ) sin(θ), sin(φ) sin(θ), cos(θ)). NVS is the
length of cubic size 3D data f (x) and thus the length of F(k).
The necessary rotational match according to the integral in
(Eq.4) can be determined by the SOFT algorithm [64], [65].
2D SOFT descriptor functions (Eq.3) are built by radially
accumulating the magnitude of 3D spectrums (Eq.1) from
low rl to high frequencies rh .
Scale is determined using a logarithmically deformed time
axis called Mellin transformation [66], [67]. It can be shown
that spectrums of a signal pair differ under scale changes
only by a complex factor. So, after resampling a signal pair
to a logarithmically axis v(e−τ ), the scale factor is converted
to a shift difference between signals.
According to the transformation parameters that are determined first, i.e., rotation and scale, the scan pairs are
aligned correspondingly. The Phase Only Matched Filtering
(POMF) – translational registration – of the resulting aligned
structures yields unique 3D Dirac peaks indicating all x,y,z
shift parameters. In case of non-corresponding structures, the
result is an aggregation of smaller peaks and noise, which can
be detected by calculating the signal-to-noise ratio (Fig. 2).
For concrete details of the theory and implementation of
FMS and SOFT methods, we refer to the original publications [14], [64], [65], [68], which include all their derivations,
interim steps and mathematical representations shown here.

B. Partitioning and Registration of Sub-Scans
FMS is more robust with respect to partial overlap than
other state-of-the-art methods [14]. Nevertheless, it also has
its limits. Therefore, we introduce here a divide and conquer
approach to find partitions in the scans that can be registered.
Given two scans A and B converted into voxel form, i.e., in
regular N × N × N grids. Note that for non-cubic data, simple
zero-padding can be used. The two scans are partitioned into
two sets, where each set contains n = L3 sub-scans A.i and
B.i ∀i ∈ {1, ..., n}, i.e., A and B are divided in subscans with
N N N
L × L × L voxels each. Note that for the computations in FMS,
N as well as NL need to be powers of 2. For example, N =
512 is an option for the full scans, which can be partitioned
with L = 4 into 43 = 64 subscans, each represented in a
512
512
512
4 × 4 × 4 = 128 × 128 × 128 voxel grid.
A brute force approach would be to try to register each
sub-scan A.i with each sub-scan B. j ∀i, j ∈ {1, ..., n}. Although this is a feasible strategy given that the registration
of subscans with FMS is very fast, it can be significantly
speeded up by using the density D() of the subscans. More
precisely, given the K × K × K voxel representation of a scan
S , the number of voxel cells S [] that are occupied (S [] = 1)
is counted to compute the density D(S ) (Eq.5).
D(S ) = #{S [x, y, z] = 1 | x, y, z ∈ {1, ..., K}}

(5)

Based on the density, the registration attempts can be concentrated on sub-scans pairs with similar densities starting
with the highest and hence most promising candidates.
Successful and erroneous registrations of sub-scans are
hence determined by a signal-to-noise (SN) ratio calculated
from an area around the detected maximum of the POMF
output q(x) where x = [x y z]T , as shown in Fig. 2. Using
the maximum peak, a range N ps in all three dimensions is
cut around the peak, denoted as S peak (x), since the maximum
is distributed over a larger area. A zero-phase lowpass filter
with cut-off π2 for all 3 dimensions is used in this implementation as additional step preceding the maximum search.
S Nthreshold is then calculated as the overall sum divided by
the corresponding area (Eq.6).
P
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The results of the SN calculations are stored in a matrix
linked to the corresponding pose information of the subscans. The first pair of sub-scans which achieves a successful
registration as indicated by an according SN ratio is used to
determine the overall transformation matrix. The transformation parameters are then used to aggregate the raw data, i.e.,
the original, detailed point clouds of the scans in a 3D map.
C. Representation and Visualization of the Registered Data

|F(u so , v so , w so )|

r=rl

C(g) =

S Nthreshold =

S peak
3
N ps
P
q(x)
3
NVS

Cultural heritage sites like the bunker Valentin are often
very large objects, i.e., 3D maps with aggregated and detailed point-cloud.Hence, data representation and visualization plays an important role. In our use case, the inner volume

(a) Clear 3D Dirac peak from a suffi- (b) Noisy POMF result from a nonciently overlapping pair of sub-scans. related pair of sub-scans.

Fig. 2: Comparison of phase correlation (POMF) results on
matching (left) and non-matching (right) pairs of sub-scans.

of the bunker is about 520,000 m3 and the current model of
the inner parts consists of 169 million points.
For fast, real-time visualization that also allows an
inspection of fine details, Potree [69] is used in our
project. Fig. 3(a) shows a snapshot of the indoor model
in this visualization tool where details can be visualized
in real-time, see http://robotics.jacobs-university.de/
projects/Valentin3D-DE. Note that, in line with the current
project phase, we have 3D mapped this (relatively) accessible
inner parts of the bunker and its outside (Fig. 1). There are
also flooded and very hard to access zones, which are still
to be explored in the next phase of the project.

(a) Bird’s eye overview

D. Sub-Scan Registration
In total, 18 high-resolution full scans were subsequently
recorded in the inner part of the bunker. Due to very
small overlap between the scans, state-of-the-art registration
methods including FMS and Go-ICP fail on the pair-wise
registration of the full scans. So, the use of the Divide-andConquer (DnC) strategy introduced in this paper (Sec. III-B)
is important for the successful registration of the 18 full scans
into a 3D map shown in Fig. 3(a).
Fig. 4 shows a typical example of a successful FMS
registration of two sub-scans. For visualization purposes
every 100th point of the original point clouds is shown. We
show three different view points to illustrate qualitatively the
accuracy of the FMS registration result. Particularly, at corner
and edge locations the accuracy is most prominent. Note that
even with the partitioning, both sub-scans are still partially
overlapping, there are occlusions, and that the density is not
constant, which substantially aggravates registration.
Furthermore, we illustrate in Fig. 5 that a successful
registration of two sub-scans can be immediately detected
with the SNR of the POMF peak. Concretely, Fig. 5 is
based on the DnC-FMS registration of all 18 consecutive full
scan pairs S k and S k+1 , i.e., the pairwise FMS registration
of all sub-scan pairs S ik and S k+1
j . The peak SNR, i.e., the
k
SNR in the successful FMS registrations between S i∗
and
S k+1
,
is
always
significantly
higher
than
the
non-successful
j∗
registrations – here simply shown with their average SNR.
The peaks, and hence the full scan pair registrations, are
sorted in descending order to better illustrate that even the
smallest successful SNR peak is still very distinctive.

(b) Inside view point north-south

(c) Inside view point south-north

Fig. 3: Final result of registering all scans with the presented
method into a 3D map of the (halfway accessible) inner parts
of the bunker.

E. Comparison to Go-ICP
As mentioned, Go-ICP [20] has been chosen for comparison as it is a recent, state-of-the-art ICP variant. It fails,
i.e., does not converge on full scans, even with lenient
parameter settings. But for a fair comparison, it has to be
combined with our proposed Divide-and-Conquer approach

TABLE I: Comparison of DnC-FMS and DnC-Go-ICP on
the 5 sub-scan registrations where Go-ICP successfully
converged. FMS successfully registered all 18 scans.

(a) Viewpoint 1

(b) Viewpoint 2

(c) Viewpoint 3

Fig. 4: Example FMS registration result of two sub-scans
shown in red and green, respectively.

1
2
3
4
5
µ
σ

MSE

FMS
MSE
(norm.)

Hausdorff

MSE

Go-ICP
MSE
(norm.)

Hausdorff

0.38
0.56
5.82
2.04
2.38
2.23
1.95

0.01
0.02
0.23
0.07
0.09
0.08
0.07

1.42
1.19
2.26
1.25
2.60
1.74
0.57

0.92
2.49
5.68
1.16
2.99
2.64
1.7

0.03
0.09
0.22
0.04
0.11
0.09
0.06

2.74
3.11
2.16
2.46
2.9
2.67
0.33

Fig. 6 shows a qualitative comparison of a sub-scan
registration result obtained with FMS and with Go-ICP. In
this figure, the FMS result can be considered to be a typical
one for all scan pairs, while the Go-ICP example is one
among the best results that could be achieved with this
method. It is important to note that even when using subscans, there still are large rotational transformations as well
as partial overlaps, occlusions, etc., which make registrations
challenging. While the DnC always found sub-scans that can
be successfully registered with FMS, this was not the case
for Go-ICP. Fig. 7 shows the registration of two complete
scans based on the DnC-FMS output on the sub-scans.
Concretely, we managed to find only 5 cases out of the
18 full scan pairs, where sub-scans could be registered
with Go-ICP. FMS was successful on all 18 pairs (Fig. 5).
Furthermore, in the cases where Go-ICP converged to a
solution, the result is in average less precise than with FMS.
This has been qualitatively illustrated in Fig.6, but it can also
be measured. Table I shows a quantitative comparison for the
5 cases where Go-ICP converged. The mean squared error
(MSE) and the normalized MSE between registered scans
[70] are used with a distance threshold of 5 m, as well as
the Hausdorff distance [71]. In addition to the results for the
individual scan pairs, the mean µ and standard deviation σ
of the metrics are provided.
IV. Conclusion

Fig. 5: The SNR for the sub-scan registrations of all consecutive full scan pairs. The SNR peaks for the best sub-scan
registration (Blue) and the mean SNR (Orange) for the rest
of the registrations are shown for comparison. SNR peaks
are sorted in descending order for illustration purposes.

anyway, i.e., applied on the registration of sub-scans. In the
following experiments, Go-ICP is configured with the default
parameters as provided by the author’s implementation1 .
1 Go-ICP

implement.: https://github.com/yangjiaolong/Go-ICP

A Divide-and-Conquer (DnC) approach to register scans
with very few overlap and inhomogeneous density was
presented. A pair of to be registered scans is partitioned
into sub-scans for which pair-wise registrations are tried. For
better efficiency, the density of the sub-scans is taken into
account, i.e., the most promising candidate pairs in terms
of similar high density are tested first. It is of interest in
this context, that the the underlying core 3D registration
method – Fourier Mellin SOFT (FMS) – proved to be a
very reliable and efficient method when used with the DnC
approach. Concretely, we showed that a suited signal to noise
(SN) metric can be defined on the Dirac peak of the Phase
Only Matched Filter (POMF) in the last stage of FMS. The
experimental evaluation of DnC-FMS deals with the use case
of the 3D mapping of a cultural heritage site, namely the
WW-II submarine bunker Valentin.

(a) FMS result

(b) GO-ICP result

Fig. 6: Illustration of a sub-scan registration result obtained by FMS and Go-ICP.
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