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Abstract— Pixel array based 3D range sensors like stereo
cameras and time of flight sensors are commonly used for spatial mapping. Analogous to a laser range finder beam, each pixel
measures distances within its conical field of view. However,
unlike laser range finders, these sensors use incoherent visible
or near visible light for range measurement. This, combined
with their relatively long maximum ranges, means that the
convenient thin beam assumption can no longer be used to
update an occupancy grid map using a probabilistic sensor
model. We present an analysis of a scenario where a pixel beam
is intersected by more than one object and where a unimodal
probabilistic distribution assumption causes spurious objects
to appear in the detected scene. This adversely affects pathplanning based on such maps because perfectly good escape
routes are blocked off. A two step multimodal Gaussian mixture
model based procedure is presented which is able to detect
multiple obstacles per pixel and hence ameliorate the problem.
The results of experiments done using a time of flight based
sensor are presented.

I. I NTRODUCTION
Modern mobile robots use many different types of range
sensors for obstacle avoidance and mapping in 2D or 3D. For
2D mapping, the sensor of choice is the laser range finder
which is characterized by very thin beams. Many wide beam
sensors like SONARs are not popular for mobile robotics
any more due to their slow sampling and relative inaccuracy.
With the emphasis shifting to 3D mapping and localization,
other sensors are coming in vogue– among them are stereo
cameras and time of flight (TOF) sensors based on near IR
range. Please refer to Table I for an overview of two such
commercially available sensors.
These sensors map their field of view cone to an Nr × Nc
pixel-array or image. Each pixel’s field of view can be
considered an initially thin beam (around a quarter of a
degree) which spreads out with increasing distance. Due to
the relatively large maximum range of such sensors (typically
ten meters or more) along with their use of visible or
near visible incoherent waves for operation means that the
frequently used thin beam assumption cannot be used for
mapping.
Occupancy grid mapping [1] is a popular method of
mapping. The physical space to be traversed by the robot is
overlaid with a virtual grid G of cells [mi ], i = 1 . . . NmR ×
NmC . Each cell can be either occupied mi = 1 or empty
mi = 0 and maintains a probability value p(mi = 1) ≡
p(mi ) of it being occupied. These probabilities are updated
using the robot’s range sensors as the robot moves. Each
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sensor observation is a list Z = [rk = rk ρ̂k | k =
1 . . . Nbeams ] of the range rk along various lines-of-sight
directions (beams) denoted by unit vectors ρ̂k . All the cells
m(r) = [mi | i = 1 . . . Ncells ] which lie along the beam
till the maximum specified sensor range would have their
occupancy probabilities updated based on the characteristics
of the sensor in question.
The sensor model for a given beam is specified as a
probability distribution function (pdf). The conditional probability p(rk | mi ) is called the forward sensor model [2].
It gives the probability of observing a reading rk along the
kth beam, when the state of the ith cell within this beam is
mi . Similarly, p(mi | rk ) is the inverse sensor model since it
goes from effects rk to causes mi . Forward models have the
advantage that they can be easily determined experimentally
and can characterize the specific physical principles of the
sensor better [3]. The reverse model is much more used in
practice due to the simple update equations, although it is
difficult to estimate it accurately in a systematic manner.
For thin beam sensors like laser range finders (LRFs),
p(rk | mi ) cannot be directly computed because its values
for mi depend on the occupancy probability of all cells lying
before it in the beam. An occupied cell renders all cells
after it along the beam unobservable. The authors reported
a technique for map update in this case using a set of
intermediate variables Bi in [4]. The variable Bi was defined
as the event that all cells along the beams before cell i
are free. A simple forward model for thin beam sensors is
typically a Gaussian centered at the occupied cell mixed with
a uniform random distribution.
The assumptions made for thin beam sensors cannot be
made for the incoherent beam sensors mentioned in Table I,
although they could be used as a first approximation. For
these sensors, the reading of each pixel represents one
beam in the model. Due to the spreading of the beam with
distance, many obstacles may be in the FOV of the beam
and occupying various percentages of the beam cross-section.
This leads to a multimodal Gaussian forward model as shown
in Fig. 1(b). The central problem here is that the number of
modes, i.e. the number of objects in the view of a pixel
is not known beforehand, and the space of all possible
modes (2Ncells ) is too large to be considered feasible for
online updates. An expectation maximization (EM) approach
which works in the space of all maps (of size 2NmR ×NmC )
was presented in [3]. Using a special data-structure, the EM
algorithm was reported to take computation time of about
a minute. Apart from the dimensionality problem, another
issue with this approach is that the ratio of the amplitudes of

TABLE I
C OMPARISON OF 3D S ENSORS
Swiss Ranger
CSEM [5]
SR-3000
[7]
Time of Flight
[650, 7500] mm
47o
39o
176 × 144

Stereo Camera
Videre Design [6]
Stereo-on-Chip (STOC)
[8]
Stereo images’ disparity
[686, ∞] mm
65.5o
51.5o
640 × 480

−4

Resultant model
Constituent 1
Constituent 2
Constituent 3

8

p(r | m1, m2, m3)

7
6
5
4
3
2
1
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Fig. 2.
The distance resolution of the measurement as a function of
the distance determined experimentally and approximated by a quadratic
polynomial.
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(b) The forward model corresponding to three obstacles in the beams’ view.

Fig. 1. A multimodal forward model where the three Gaussians are mixed
in the proportion 1:2:3. Fig. 1(a) depicts three obstacles at different depths
and covering different proportions of the FOV cross-section of a beam,
which is shown by the circle.

successive modes was assumed to be known. This ratio was
assumed to be such that successive modes were attenuated
with respect to preceding ones. Our experiments show that
this is not true for the TOF sensor (Swiss-ranger) that we
studied, and that the relative proportions of the modes depend
on the a priori unknown relative proportions of the area
overlapped by the obstacles in the beam cross-section. This
is shown in Fig. 1(a).
In this paper, we approach the problem differently and try
to directly estimate the different modes in the forward model.
It consists of two steps: first, an initial set of samples are
used to estimate the number of obstacles present in the view;
secondly, using this number and the knowing the physical
characteristics of the sensor, the rest of the parameters can be
estimated efficiently. The whole procedure is explained using
real data from the sensor Swiss-ranger mentioned earlier.
II. W IDE B EAM M ODELING
Let the distance of a cell mi from the sensor along a
beam be denoted by kµi k. Following [3] we assume that a
particular sensor sample can be caused by only one of the
following events:
1) An occupied cell mi : this event is denoted as ci i =
1 . . . Ncells . Unlike [3], we assume that p(ci | mi = 1)
is not known beforehand because it depends on how
obstacles are placed within the beam as illustrated in
Fig. 1(a). Furthermore, p(ci | mi = 0) = 0.

2) The event c0 denotes the event that the sample was
caused due to no obstacle being found till maximum
range of the sensor.
3) The random event cr which happens with the known
probability p(cr ) estimated from experiments.
PNcells
This means that p(cr ) + i=0
p(ci ) = 1. Let there be Nobs
obstacles within a given beam of maximum possible range
rmax . Then the forward model for one beam (corresponding
to one pixel) for this case is formulated as follows:


(r − rmax )2
p(c0 )
p(cr )
obs
√
exp
−
+
p(r | ∨N
m
)
=
i=1 i
rmax
2σ 2 (rmax )
σ(rmax ) 2π


Nobs
X
p(ci )
(r − kµi k)2
√ exp −
.
+
2σ 2 (kµi k)
σ(kµi k) 2π
i=1
(1)
We make the variance an explicit function of the distance.
For the Swiss-ranger, this variance is shown in Fig. 2. It
should be emphasized that for a given sample neither Nobs
nor any of p(ci ), i = 0 . . . Nobs or µi , i = 1 . . . Nobs are
known beforehand.
We would now digress to present a problem which appears
in Swiss-ranger readings precisely due to the multiple modes.
III. E XPERIMENTAL S ETUP
Swiss-ranger is 3D range sensor which utilizes the phase
difference between the emitted and the received reflected
near-IR waves for distance measurement [7]. It has an array
of 176 × 144 pixels. The pixels are sampled at a frequency
in the MHz range and four samples are needed for distance
measurement using phase-delay. However, at this stage the
result is quite noisy and a further averaging by integration
is done onboard to provide a better result. The duration
of integration τ can be set by the user in the range from
0−51 millseconds in steps of 200µs. The experimental setup
consists of the Swiss-ranger viewing three planar boards kept
at different distances with respect to the sensor. This is shown
schematically in Fig. 3 and by a photograph in Fig. 4(a).
A. Problem Description
The problem manifests itself at the default averaging
integration time value τ as depicted in Fig. 4(c). A trail of
spurious obstacles appear between the planes. This occurs
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Fig. 3. Schematic top view of the experiment. Beam width exaggerated
for clarity. Three planes are within the view of the beam. Spurious objects
detected by the sensor between these planes are shown by crosses. The three
planes are at ∼ 2400 mm, ∼ 3600 mm and ∼ 4800 mm respectively from
the sensor.

because the averaging is done assuming a unimodal distribution whereas the distribution is actually multimodal for
pixels which have more than one plane in view. On reducing
τ , the spurious obstacles merge in the overall much increased
noise as seen in Fig. 4(d).
This phenomenon is not just of theoretical interest– an occupancy grid map created using the spurious obstacles would
block perfectly good exits for an autonomous robot doing its
path-planning and exploration based on the map. The authors
have extensive experience with autonomous robots in the
robocup rescue league [9], where the difficult problem of
localization and planning in 3D terrain is exacerbated by the
presence of spurious obstacles.
Our solution to the problem is to not rely on the sensor
onboard integration but to set τ to a very low value. The
range resolution as shown in Fig. 2 is also a function of τ
and becomes steadily worse as τ is decreased. Selecting too
low a value of τ would make the variances too large to obtain
any usable information. We have therefore compromised on
the value of τ = 1.2 milliseconds. Compared to this, the
default value is 10 milliseconds.
IV. E STIMATING THE N UMBER OF B EAM O BSTACLES
Before any forward modeling can be done, the number of
obstacles Nobs in the beam needs to be estimated. For this
we focus on the area marked in Fig. 4(b). In particular, we
analyze the pixel 92 on the middle row because it lies on the
area where all three planes are in the pixel FOV. The pixel
beam width is 0.2684o . We take the approach of taking a few
initial samples on this pixel and estimating the conditioned
obs
pdf p(r | ∨N
i=1 mi ) where the condition itself is unknown.
We are at first interested in estimating the number of modes,
although the accuracy of the pdf itself is not of interest at
this point. There are many approaches in the literature on
estimating multimodal distributions. We would compare a
few approaches next. In the following, a total of NS = 100
samples were analyzed.
a) CPDF Analysis: The cumulative probability distribution (CPDF) P (r) corresponding to the pdf p(r) can be
constructed from the initial few samples ri , i = 1 . . . NS
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Fig. 5. The CPDF analysis for Nbin = 15, 30, the latter being more wavy.

by dividing the given sensor range [rmin , rmax ] in a certain
number Nbin of bins bj and computing P (bj ) = #(ri ≤
bj )/Nsamples . In [10] it was proven that the function F (r) =
P (kr) − P (r), k > 1 achieves a maximum at rp in the range
of r for any arbitrary distribution (not necessarily Gaussian).
For multiple modal distributions in which the modes do
not interact with each other, multiple peaks of F (r) are
observed and the peak locations can be used to compute other
system specific parameters. Fig. 5 shows this distribution.
For a low value of Nbin = 15, we do observe three main
peaks corresponding to the three objects along with a fourth
peak at rmax . At higher Nbin local effects are exaggerated
and therefore the number of peaks becomes unreliable. In
the absence of any systematic way of determining Nbin , we
abandoned this method.
b) Frequency Analysis: This method of deriving the
pdf p(r) directly is described in [11]. It is based on the
observation that the Fourier series expansion coefficients of
p(r̂ = −π + 2π(r − rmin )/(rmax − rmin )) can be statistically
estimated as
∞
a0 X
p(r̂) =
+
(aj cos(j r̂) + bj sin(j r̂))
(2)
2
j=1
aj = E[cos(j r̂)]/π, bj = E[sin(j r̂)]/π,

(3)

where, E() is the expectation operator. The Fourier series
(2) can be cut off at any number of terms and Fig. 6
shows the result of two cases. For the low-pass case, we
see two main peaks at the second and the third board. The
first board was not found. Furthermore, the pdf is not valid
everywhere because it is negative in some intervals. Doubling
the frequency content also detects a third main peak, at the
expense of a several secondary peaks. This method was also
abandoned due to this sensitivity.
c) Gaussian Filter Analysis: Finally, we present the
most stable method also from [11] which is based on using
a Gaussian kernel on the sampled data to estimate p(r).


Nsamples
X
1
exp
(r − ri )2
√
p(r) =
−
. (4)
σ(r)Nsamples i=1 σ(r) 2π
2σ 2 (r)
We found that this method has the following advantages:

(a) A normal camera front image. In the order of
proximity the board colors are navy-blue, white and
cardboard brown.

(b) A color coded distance-image returned by the
Swiss-ranger at the default τ . The pixel row and the
region of interest has been marked by a thin box and
a circle respectively.

(c) The perspective side-front view of 3D point cloud
showing the trail of spurious obstacles at the board edges
(the comet tail effect) at the default τ .
Fig. 4.

(d) The noisy 3D point cloud at very low
values of the integration time parameter τ .

The experimental setup.

Fig. 7. The incremental development of p(r) with respect to number of samples at pixel 92 of the middle row. Note that at about 15 sample, we already
have three peaks corresponding to the three objects. Thus the time required in estimating the number of modes is not critical.

1) Although the standard deviation of the filter kernel
is usually taken to be constant, we allowed it to be
a function σ(r) of the distance. This allowed us to
choose this parameter directly based on the sensor
resolution depicted in Fig. 2. In particular, a value of

half the resolution seems to work particularly well.
2) The method is incremental– as new data samples come
in they can be added to the sum in (4), if it is
maintained separately. This incremental evolution is
depicted in Fig. 7. The distribution p(r) is computed
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TABLE II
EM ESTIMATE OF PARAMETERS IN (1)
Parameter
µ1
µ2
µ3
σ1
σ2
σ3
σ0
p(c0 )
p(c1 )
p(c2 )
p(c3 )
p(cr )

Value
2481.2 mm
3112.6 mm
4556.8 mm
1252.4 mm
738.1 mm
960.0 mm
57.2 mm
0.019318
0.067577
0.280792
0.632203
0.0001(supplied)

Frequency analysis.

at several grid points for r ∈ [rmin , rmax ]. We found
that the graph of p(r) is stable with respect to the
coarseness of this grid unless it is made too coarse,
in which case local features are lost. Making the grid
very fine does not add high frequency components to
the graph.
3) Expressions for dp(r)/dr, d2 p(r)/dr2 can be computed by differentiating (4). This can be used to
automatically count the number of peaks by using the
following test.

  2

dp(r)
d p(r)
[p(r) > γ] ∧
< ∧
<
0
, (5)
dr
dr2
where γ is experimentally determined to remove spurious small peaks and  → 0 and depends on the grid
spacing. Higher grid spacing allows us to reduce 
further. The result of this test is used for four neighbor
pixels (going left to right in the image of Fig. 4(b))
in Fig. 8 The shift of peaks in Fig. 8(b) is interesting
because it is absent in the unimodal distributions of the
other pixels. This agrees with the mathematical observation that a superimposition of several Gaussians with
different amplitudes and variances causes the resulting
function to peak at points different from the means
of the individual Gaussians. Therefore multimodal
distributions require the additional step of model fitting
discussed in the next section. Another observation is
that the relatively high σ(r) of the Gaussian filter near
rmax obliterates any small peaks there while making
the tail of p(r) drawn out.
V. E STIMATING THE M ODEL PARAMETERS
The first step described in the last section gives us a
minimum number Nobs of objects intersecting with the pixel
beam. There could be more, but the sensor’s resolution is
not able to distinguish them because they may be too near.
At the end of this step, we also have an approximate idea
as to where the means of the modes lie. This is quite clear
for unimodal pixels but for multimodal pixels the peaks are
shifted. Furthermore, we do not exactly know the mixing

ratios of the modes although we do approximately know the
standard deviation of the model as a function of the distance.
The problem of estimating the parameters of a Gaussian
mixture is well studied in the pattern recognition literature
[12], [13], [14].This is generally done by an Expectation
Maximization (EM) algorithm. Using the superscript ’-’ for
values for prior values in an iteration and ’+’ for the new to
be computed values, one can write the expressions as follows
for i = 0 . . . Nobs
p(rj | ci )
,
PNobs
p(rj | cr ) + i=0
p(rj | ci )
PNS −
j=1 p (ci | rj )rj
+
µi = PNS
,
−
j=1 p (ci | rj )
PNS −
+ 2
j=1 p (ci | rj )krj − µi k
+ 2
,
(σi ) =
PNS −
j=1 p (ci | rj )

p(ci | rj ) =

p+ (ci ) =

NS
1 X
p− (ci | rj ).
NS j=1

(6)
(7)

(8)

(9)

The terms p(rj | ci ) are the individual components of the
mixture (1). Note that this step is not really required if only
a unimodal distribution was found on a pixel. For the EM
iterations we keep p(cr ) fixed to a predetermined near zero
value and estimate the rest of the parameters using all the
NS = 100 samples. We present the results for the trimodal
pixel 92 of the middle row. The initial values supplied for
µi , i = 1 . . . 3 are the peaks found in step 1 and depicted in
Fig. 8(b). The initial values of σi , i = 0 . . . 3 are estimated
from the graph of Fig. 2. The estimate obtained after 50
iterations is presented in Table II.
The values of the µ’s are in good agreement with the
values mentioned in Fig. 3. The values of p(ci ) explain
the relative peak heights in Fig. 8(b). We note that these
proportions show that the commonly made assuption of
decaying peaks is not true. Due to the relatively small
contribution p(c1 ), σ1 has been estimated to be quite high.
VI. C ONCLUSIONS AND F UTURE W ORK
A two step method for modeling the pixels of a TOF
sensor as wide beam sensors was formulated. This enabled
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(a) Pixel 91 of the middle row. The distribution identifies the third plane
accurately.
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(b) Pixel 92 of the middle row. The distribution identifies all three planes.
The peaks are shifted, but the interplane distance of about 1200 mm is
correct.
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(c) Pixel 93 of the middle row. The distribution identifies the second
plane accurately.
Fig. 8.

1000

(d) Pixel 94 of the middle row. The distribution identifies the first plane
accurately.

The p(r) at four successive pixels.

the spurious objects to be removed from the sensor’s output
as well as detection of multiple objects lying within an
individual pixel’s FOV. We were thus able to achieve subpixel accuracy as well as providing estimates of the relative
proportions of the overlap of the objects with the pixel’s
beam cross-section. The presented method shows the promise
of being applicable to other wide beam sensors as well.
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